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Chiral symmetry and the pion gas virial expansion
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In this work we study the thermodynamic properties of the pion gas starting from the realistic elastic
scattering phase shifts obtained from chiral perturbation theory and using the virial expansion. In particular we
study the equation of state and the behavior of the quark condensate as a function of the temperature and the
density.@S0556-2821~99!07801-7#
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I. INTRODUCTION

One of the most important aspects of hadronic dynam
at low energies is spontaneous chiral symmetry break
Indeed, when considering just the two lightest quarks
massless, there is a spontaneous breaking of SUL
3SU(2)R down to SU(2)L1R ~isospin!. As a consequence
the Nambu-Goldstone bosons associated with that break
namely the pions, become the relevant degrees of freedo
low energies. In the last years a general formalism ca
chiral perturbation theory~ChPT! has been developed@1,2#,
which exploits the chiral symmetry constraints, providing
phenomenological description of low-energy pion dynami
organized as an expansion in the pion external momenta
masses~the latter appear due to the small explicit chiral sy
metry breaking caused by quark masses!. By using ChPT it
is possible to describe at low energies a large numbe
processes, such as pion scattering, in terms of a small s
parameters which can be fixed from experimental data.

At high temperatures it is expected that chiral symme
will be restored at some critical temperature,Tc , typically
around a few hundred MeV. Nevertheless, belowTc the
main excitations of the hadronic medium would be lo
wavelength pions or, in other words, one should deal wit
hot pionic gas@3#. As is well known, finite temperature ef
fects can be included in quantum field theory~QFT! in dif-
ferent ways~see @4#, and references therein!. In particular
this is the case in ChPT, where the imaginary time formali
was used to calculate the pion gas free energy as a po
expansion in the temperature over the pion decay cons
F, up toO(T6/F6) @5#. As a matter of fact, the thermody
namics of the pion gas has also been the subject of inte
work using finite-temperature QCD sum rules@6# and other
alternative approaches@7#. Among other issues, some o
these calculations made it possible to obtain someTc esti-
mates. In this work we will consider the interacting pion
gas, but using a different method which can be applied
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higher temperatures and including density effects as w
Those effects are well known to be relevant in the study
the behavior of hadronic matter. In particular, once they
included in the pion gas equation of state they modify
critical temperature.

The approach that we will follow here relies on the use
the relativistic virial expansion developed a long time a
@8#. Such an expansion will allow us to obtain the releva
thermal functions in terms of theS matrix, so that it is not
necessary to go through the technicalities of fini
temperature QFT. As a matter of fact, it is even possible
start from anS matrix obtained directly from experimen
without using any QFT. The other key point in our approa
is based on the unitarity of theSmatrix. The standard way to
consider density in statistical physics is by introducing
grand canonical ensemble, whose chemical potential sh
be coupled to some conserved quantum number. In the
of the pion gas, the only conserved quantities are the elec
charge and the baryonic number. In particular, the total nu
ber of pions is not conserved by strong interactions. Ho
ever, from pion scattering data it is well known that elas
unitarity is satisfied up to energies of about 1 GeV~where
the inelasticKK̄ channel opens up, since the four pion cha
nel contribution is negligible at those energies!. Therefore, if
one is only interested in low-energy pion dynamics or lo
pion gas temperatures, it is sensible to assume that the
number is approximately conserved by strong interactions
this way it is possible to introduce the corresponding che
cal potential and a grand canonical ensemble. Thus the
density, or the number of pions per unit of volume, becom
a meaningful physical concept, at least for temperatures w
below 1 GeV.

By using the approach described above we will obtain
pion gas equation of state for low densities and temperat
below Tc . Moreover, for a given density, we will estimat
this critical temperature as that where the quark conden
vanishes. The plan of the paper is as follows. In Sec. II
introduce the details of the virial expansion and discuss
detail the free gas case, including the possibility of Bo
Einstein condensation. In addition, the comparison with
free gas will provide a first rough estimate of the range
applicability of the virial expansion up to the second viri
coefficient, that will be complemented later with other es

s:
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mates in the interacting case. In Sec. III we show our res
for the real pion gas equation of state, i.e., we obtain
pressure versus the density and the temperature. In this
the second virial coefficient is computed both using
phase shifts that are obtained from standard ChPT as we
those using an inverse amplitude method~IAM ! fit to pion
data up to about 1 GeV. In Sec. IV we obtain the qua
condensate also in terms of the temperature and the den
This will make it possible to obtain an approximate pha
diagram for the pion gas. Finally, in Sec. V we list the ma
conclusions of this work.

II. VIRIAL EXPANSION

A. Generalities

Let us start by considering a pion gas consisting og
different pion species@for exampleg53 for the SU(2)L
3SU(2)R case#. The pressure virial expansion can be writt
as @8#

P5TS MpT

2p D 3/2

(
k51

`

Bk~T!eb~m2Mp!k5
T

l3(k51

`

Bk~T!jk,

~1!

where, as usual,b51/T,Mp is the pion mass, l
5(2p/MpT)1/2 is the thermal de Broglie wavelength an
according to our previous discussion,m is the chemical po-
tential associated with the total number of pions. Note t
the expansion parameter is the fugacityj5exp@(m2Mp)/T#.
As is well known, the limitj!1 corresponds to the low
density regime where the virial expansion is expected
work. The densityn of the pion gas, i.e., the numbern of
pions per unit of volume is given by

n5S ]P

]m D
V,T

. ~2!

The equation of state of the system can be obtained by
placing the chemical potential in Eq.~1! by its expression in
terms of temperature and density that we can obtain from
~2!.

B. The free-pion gas

In order to illustrate the above formalism we will consid
first the free-pion gas. This will be interesting for differe
reasons: first it is the simplest case and, as far as it ca
treated exactly, it will provide a very nice test for the viri
expansion. In particular, that will allow us to obtain a fir
rough estimate of the range of temperatures and densitie
which it can be safely applied up to the second virial coe
cient. Second, due to the Weinberg low-energy theore
pions are weakly interacting at low energies and thus the
pion gas can be a reasonable approximation to the real
gas in such regime. Finally, let us remember that a free
son gas can suffer a Bose-Einstein condensation at very
temperatures. Apart from the interest that this phase ha
itself, we will see that it basically determines the applicab
ity region of the virial expansion.
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Thus, the free-pion gas pressure can be written as

P52
g T

2p2E0

`

dpp2log@12eb[m2E~p!] #, ~3!

whereE(p)5Ap21Mp
2 is the energy of a relativistic pion

in terms of the pion momentum,p. The above equation ca
be expanded in powers of the fugacity as

P52
g T

2p2E0

`

dpp2log@12je2b~E~p!2Mp!#

5
g T

2p2E0

`

dpp2(
k51

`

jk
e2kb~E~p!2Mp!

k
. ~4!

Hence, comparing with Eq.~1!, we get

Bk
~0!~T!5

g

2p2S MpT

2p D 23/21

kE0

`

dpp2e2kb~E~p!2Mp!, ~5!

where the superscript~0! indicates that we are referring t
the free gas case. Then the first two virial coefficients
given by

B1
~0!~T!5

g

~MpT!3/2
A2

pE0

`

dpp2e2b[E~p!2Mp] ,

B2
~0!~T!5

g

2~MpT!3/2
A2

pE0

`

dpp2e22b[E~p!2Mp] .

~6!

Notice that, in the low-temperature limit, they satisfy

Bk
~0!~T!.gk25/21OS T

Mp
D . ~7!

By using Eqs.~2! and ~4! we can obtain the density

n5
g

2p2E0

`

dpp2
1

e2b[m2E~p!]21
. ~8!

Now we can study the free-pion gas, both using the ex
results, or the~second order! virial expansion and then com
pare the results. In that way we expect to get a crude estim
of the applicability range of the virial expansion.

First of all, it is intuitively clear that we needj!1. There-
fore, we cannot use the virial expansion atm5Mp , which is
precisely when Bose-Einstein condensation occurs. Le
briefly study this regime.

1. Bose-Einstein condensation

In Eq. ~3! the ground-state contribution was not taken in
account, although it is well known that it plays an essen
role at very low temperatures. Indeed, Eq.~3! should be re-
written as
4-2
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FIG. 1. Bose-Einstein condensation in the free-pion gas:~a! Evolution of the ground-state partial density (n0 /n) with the temperature for
a total density ofn51 pion per cubic fermi.~b! Phase diagram. We plot the critical temperature as a function of the density.
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P52
g T

2p2E0

`

dpp2log@12eb[m2E~p!] #

2
T

V
log@12eb~m2Mp!# ~9!

and the density as

n5
g

2p2E0

`

dpp2
1

e2b[m2E~p!]21
1

1

V

1

e2b~m2Mp!21
,

~10!

where the last term is the number of pions with zero mom
tum per unit of volume, which form the so-called Bos
Einstein condensate. We thus define

n05
1

V

1

e2b~m2Mp!21
. ~11!

Let us now remember that for Eqs.~9! and ~10! to make
sense, the chemical potential should satisfym<Mp . As a
consequence, in the thermodynamic limit, whereN,V→`
with N/V constant, we find two phases: Ifm<Mp ,n050.
But if we lower the temperature, keeping a fixed density,m
increases untilm5Mp . At that pointn0Þ0 and the ground-
state density starts to grow, forming the Bose-Einstein c
densate. Eventually, atT50, all pions are in the ground stat
so thatn05n. The critical temperatureTc , where the phase
transition occurs, can be obtained numerically from Eq.~11!.

In Fig. 1~a! we show the ground-state partial density, d
fined asn0 /n, versus the temperature. For illustrative pu
poses we have chosen a total densityn51 fm23. By using
the Landau theory of phase transitions@9#, it has been shown
that in our case they are of second order@10#.

From the above discussion it is clear thatTc depends on
the density. Using Eq.~11!, we have plotted in Fig. 1~b! the
critical temperature versus the density. That is the Bo
Einstein condensation phase diagram of the pion gas. Le
then recall that in the condensed phase,m5Mp , which
means thatj51, and therefore, wecannotapply the virial
expansion.
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C. Virial expansion applicability range

In practice, we will be using the second-order virial e
pansion, and we would like to know where it yields an a
curate result. We have just seen that, simply becausej51,
there is a range of temperatures and densities where we
not use the virial approach. But the expansion could still
poor for values ofj,1, that is,m,Mp . In Fig. 2~a! we
show, in the (T,m) plane, the error in the pressure obtain
with the second-order virial expansion compared with
exact calculation using Eq.~3!. Notice that the error is less
than 5% if we keepm<135 MeV and temperatures highe
than 10 MeV. A similar plot can be obtained for the densi
but due to its exponential dependence on the chemical
tential, the invalid region is practically indistinguishab
from the Bose-Einstein condensed phase@compare Fig. 2~b!
with Fig. 1~b!#.

Of course the interactions will modify this picture, a
though it will be very similar at low temperatures and de
sities. We have also used an additional criterium to estim
where the breaking of the virial expansion occurs. Namely
we assume that the ratio of the unknown third coefficient
the second is the same as that of the second to the first
will consider that the expansion is broken if the third ter
contribution amounts to 25%. Basically this is to consid
the virial coefficients of the same order of magnitude, a
look for a 25% error. Or even more simply, it is similar
ask for the second term of the virial expansion to be sma
that 60% of the total result. We will show the excluded r
gions in the figures of Sec. IV.

Let us remark that for the free gas this method overe
mates the error calculated above by a factor between 2 an
because in that case the ratio of two consecutive virial co
ficientsdecreasesas their order increases@see Eq.~7!#.

III. THE EQUATION OF STATE

In this section we will apply the virial expansion to th
interacting pion gas. Since the second virial coefficient is
first one sensible to the interactions we have to keep, at le
up to the second term in the virial expansion. That contrib
tion can be written in terms of thepp→pp elastic scatter-
ing phase shiftsd IJ(E) as @8#
4-3
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FIG. 2. Second-order virial expansion applicability range for the free gas:~a! In the (T,m) plane, within the black area corresponds
points where the virial expansion of the pressure has less than 1% error, the grey area stands for less than 5% error, whereas wh
than 5%.~b! Applicability region of the virial approach in the (T,n) plane and the density. Note that, even demanding the error to be
than 5%, in the (T,m) plane, the invalid region is basically that where Bose-Einstein condensation occurs.
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B2~T!5B2
~0!~T!1

4e2Mp /T

~2pMpT!3/2E2Mp

`

dEE2K1~E/T!

3S (
I ,J

~2I 11!~2J11!d IJ~E! D , ~12!

where K1 is the modified Bessel function with asymptot
behavior

K1~x!.Ap

2x
e2x ~13!

for largex.
It is important to notice that in Eq.~12! we could simply

use the experimental phase shifts, without any referenc
any underlying physical theory. In this way we can comp
quantities as the pressure or the density, which is enoug
obtain the equation of state. But we could not calculate th
derivatives with respect to, for instance, the pion ma
which is needed to study thêq̄q& condensate.

Therefore, in this work we will obtain the phase shif
with two different approaches: On the one hand, we will u
ChPT to O(p4), with the parameters proposed in@2,11#
which fits the experimental data on elastic pion scattering
the (I ,J)5(0,0),(1,1),(2,0) channels, up to energies of t
order of 0.5 GeV. The interest of using ChPT relies on
fact that it yields a systematic expansion in terms of
external momenta and masses of the pions. That will be
tremely relevant in order to obtain other thermodynam
properties that may require derivatives with respect to
masses. That is indeed the case of the chiral condensate
will be treated in the next section. On the other hand, it
been shown@12# that the ChPT fits to pion scattering can
extended to higher energies using the inverse amplit
method~IAM !. Indeed, it yields remarkably good fits up
approximately 1 GeV. That could help to obtain a bet
estimate of the pressure, and the equation of state, altho
maybe not of its derivative with respect to the pion mass
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Moreover, as far as we will be interested in temperatu
T<300 MeV, the Bessel function in Eq.~12! will suppress
the d(E) contributions at high energies. Thus we can a
use the IAM phase shifts to estimate how big is the error
the pure ChPT results due to these higher energy contr
tions. However, note that, as far as both methods reprod
pretty well the experimental data at low energies, our res
concerning the equation of state of the pion gas a low te
peratures can be considered as quite realistic independ
of the fact that we have used ChPT or the IAM.

Thus, from the phase shifts coming from standard Ch
and from ChPT complemented with the IAM method, t
gether with Eqs.~6! and~12! we can obtain the second viria
coefficient. Using Eq.~1! we can therefore compute th
value of the pressure as a function ofT andm. We show the
results in Fig. 3. In particular, we plot the pressure dep
dence on the temperature form50, which is well within the
applicability range of the virial approach~This case is inter-
esting since it corresponds to the canonical ensemble@5#.!
One of the three curves is the free-pion gas and the other
the interacting case both using standard ChPT or ChPT w
the IAM.

Moreover, by solving numerically Eq.~2! we can obtain
m in terms of the densityn andT. Thus we can finally com-

FIG. 3. The pressure of an interacting pion gas as a function
the temperature. We plot the curves both for the phase shifts
tained from pure ChPT as well as with the IAM, together with th
of the free pion gas, as a reference.
4-4
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FIG. 4. Equation of state for
an interacting pion gas. The blan
area is out of the applicability
reach of the virial approximation
We plot the pressure as a functio
of temperature and density:~a! us-
ing standard ChPT phase shift
~b! complementing ChPT with the
IAM.
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pute the pressure as a function of the temperature and
density,P5P(T,n), i.e., we obtain the equation of state f
a pion gas with realistic interactions. In Figs. 4~a! and 4~b!
we show a three-dimensional plot of the equation-of-st
surface, for standard ChPT and the IAM, respectively. As
have already discussed in the previous section, there are
of the (T,n) space that we cannot explore within the viri
approach and have been left blank. Out of that area, we
trust the virial expansion. Nevertheless we expect to fi
some differences depending on whether we complem
ChPT with the IAM or not, which should become bigger
higher temperatures. Nevertheless, it can be noticed tha
numerical difference between Figs. 4~a! and 4~b!, is of the
order of 5% atT5300 MeV andn52 fm23. As we are
going to be interested in temperatures below 300 MeV
seems that standard ChPT yields an equation of state
sufficient accuracy.

Let us remark that we are strictly using a SU~2! model
and therefore we do not have other light particles, like ka
or etas, present. In a realistic gas, the effect of these o
particles should also be taken into account, although i
suppressed by Boltzmann factors. This fact makes poss
to estimate the contributions of these massive states@5# in a
free gas approximation. The authors of Ref.@5# concluded
that the dilute gas approximation, which is indeed needed
the virial expansion, is meaningful up to 150 MeV, althou
it ‘‘rapidly deteriorates’’ at higher temperatures. Therefo
our results above these temperatures should be interp
cautiously, and the actual numbers should not be taken
literally. Still they can yield some information on the qua
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tative behavior at different temperatures and densities.
Let us also remark that it is possible to apply the vir

formalism to a gas with different species. The phase sh
can also be obtained from a generalization of the IAM@13#,
which fits the existing data up to 1.2 GeV and provides p
dictions when data are not available. However, although
present approach can be generalized to include such ex
sions, they are beyond our present scope.

Once we have delimited the applicability constraints
standard ChPT with the virial expansion, we will use it in t
next section to study the chiral transition and the quark c
densate.

IV. THE QUARK CONDENSATE

One of the topics of hadronic physics which has not co
pletely been settled concerns the chiral phase transition
some critical temperature it is expected that the sponta
ously broken chiral symmetry is restored giving rise to a n
phase. The nature of that phase is not known but it has b
argued that the transition itself is of second order for
SU(2)L3SU(2)R case@14#, at least in the chiral limit, or
very soft first order, i.e., with a very small latent heat@15#.

However, since the broken phase occurs at low temp
tures, it should be mostly made out of pions. Hence, a be
understanding of the pion gas may be a useful approac
study the chiral transition. Indeed, the broken phase is c
acterized by a nonvanishing order parameter, which is u
ally identified with the quark condensate^q̄q&T . Following
@5#, it can be written as
4-5
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^q̄q&T

^q̄q&0

5S 11
c

2MpF2

]P

]Mp
D , ~14!

whereF is basically the pion decay constant withoutO(p4)
corrections,m is theu andd averaged mass, and

c52
F2

^q̄q&0

]Mp
2

]m
. ~15!

For our calculations we have taken the numerical values c
sidered in @5#, namely, c50.9060.05 and F588.3
61.1 MeV.

In order to compute the quark condensate, and follow
the arguments of previous sections, we will only use
standard ChPT phase shifts. They seem accurate enoug
our purposes up to the relevant temperatures and, at the
time, they have the appropriateMp dependence, which is
essential in Eq.~14!.

In Fig. 5 we show the evolution of the chiral condensa
whenm50, for standard ChPT. The shaded area covers
uncertainties inF and c as well as those due to the chir
parametersl̄ 1520.6260.94, l̄ 256.2860.48 ~see@11#!, l̄ 3

52.962.4 and l̄ 454.360.9 ~see @2#!. We have also in-
cluded in the uncertainties the effect of choosingMp as that
of the charged or the neutral pions, although that effec
rather small.

Let us remember once more that them50 results are
formally equivalent to those obtained in the canonical

FIG. 5. Evolution of the chiral condensate with the temperat
at m50. The shaded area covers the uncertainties in the diffe
parameters, that have been explained in the text. The area bet
dashed lines is the result when we add contributions from hea
particles in the free gas approximation.
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semble~see@5#!. The critical temperature can be estimated
the point where the condensate vanishes, and it is around
MeV. These numbers should be interpreted extremely c
fully, since the temperatures are quite high and the effect
other, more massive, particles could be relevant. Indeed
can obtain a crude estimate of these contributions if we c
sider those massive states in a free gas approximation,
lowing @5#. Such an approximation is justified as long as t
interactions of these particles among themselves and
pions will be suppressed by Boltzmann factors. Hence,
contribution of states with massesMi is given by

D^q̄q&52(
i

]DP

]Mi

]Mi

]m̂
~16!

and therefore

D^q̄q&5
1

2p2(i
gi M i

]Mi

]m̂
E

0

`

dp
p2

Ap21Mi
2

1

eAp21Mi
2/T21

.

~17!

Following @5# we have made]Mi /]m̂ to vary betweenNi ,
the number of valenceu and d quarks in the state of mas
Mi , and 2Ni , which seems a ‘‘fair representation’’ of th
uncertainties in that quantity. Thus, in Fig. 5, the dash
lines show how the shaded area would be modified if we t
the contributions of particles with masses up to 1.5 Ge
Note that the net effect is todecreasethe critical temperature
by approximately 20 MeV. Indeed the contributions to E
~17! all tend todecreasethe critical temperature. From now
on we should therefore interpret the results obtained o
with pions as anoverestimationof the critical temperature.

Nevertheless Fig. 5 seem to indicate a clear tendency
wards chiral symmetry restoration above 200 MeV. O
curves continue down to negative values, but at that point
system should be in the unbroken phase and our formalis
no longer appropriate. The results are in a remarkably g
agreement with those of@5#, which were obtained from a ful
three-loop ChPT calculation, without using the virial expa
sion. Their central value, including massive states, was
MeV, which is compatible with our error band, although o
central value lies around 200 MeV. This fact is a nice che
of the error estimates of the virial expansion that we obtain

e
nt
een
er
FIG. 6. The value of

^q̄q&/^q̄q&0 as a function ofT and
m.
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CHIRAL SYMMETRY AND THE PION GAS VIRIAL EXPANSION PHYSICAL REVIEW D59 034004
in Sec. II from the free gas. In addition our calculations, a
provides further support for the conclusions of@5#.

In order to see the effects of density on the chiral ph
transition, we show in Fig. 6 the value of the chiral conde
sate in the (T,m) plane. The points wherêq̄q&/^q̄q&050
are an estimate of the critical temperature given a fix
chemical potential. The results suggest that there are va
of the chemical potential for which there is no chiral pha
transition.

From now on we will also give results just for the centr
values of the different parameters andMp5139.57.

Following the above reasoning it is therefore possible
obtain a qualitative phase diagram, which we have plotte
Fig. 7. Now we have defined the ‘‘Virial Invalid’’ region
where the third term of the virial expansion, when it is es
mated as explained in Sec. II, is less than 25%. Due to
scale, the excluded regions estimated from the free
would give an imperceptible band close tom5Mp and T
50. Again, there seem to be limits, both at high and lo
chemical potential, where there is no phase transit
~namely, TC→`). Moreover, for a given temperature,
seems possible, by decreasingm, to change from the broken
to the unbroken phase, and back to the broken phase ag

Apparently there are several competing effects acting
the condensate. On the one hand, the temperature ten

FIG. 7. Phase diagram of the chiral transition in the (T,m)
plane. The dotted line bounds the estimated applicability region
the virial approach, following Sec. II.
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destroy any correlation. On the other hand, the density te
to restore the broken phase if it is very high, since then
interactions of the pions can overcome the effect of the te
perature~at these energies, each microscopic scattering
lows the constraints of chiral symmetry breaking!. But that
also happens at lower densities, since the collisions are
scarce that the temperature is not able to break any exis
correlation. This last effect can be easily understood si
the low density limit should lead to the usual pion scatter
at T50. But that would be nothing but ChPT, which inco
porates in its own definitions the chiral symmetry breakin

The plots in terms of the chemical potential have the
vantage that the nonapplicability region is easily defined a
localized. In addition, it only occupies a tiny region of th
interesting parameter space. However, the interpretatio
less intuitive.

Therefore, we show in Fig. 8 the values of the chi
condensate as a function of the temperature and the den
Note that now we are using the virial expansion both for
condensate itself~since it is obtained from the pressure! and
the density. Therefore, there are parts of the parameter sp
where we cannot apply the virial approach and have b
intentionally left blank. From those results, we can extr
once more the phase diagram, this time in the (T,n) plane.
We have plotted it in Fig. 9. Notice that the area within t
dotted line is out of reach for our virial approach, due
Bose-Einstein condensation, although it seems plausible
it belongs to the broken phase. The dashed line is the bo
obtained when demanding that the estimated third coeffic
of the virial expansion should be less than 25%. As usual,
exponential dependence of the density onm, reduces the
inapplicability region to the one that lies 10–20 MeV abo
Bose-Einstein condensation. Nevertheless, within the t
perature and density region that we can explore, we see
the critical temperature grows extremely rapidly when
decrease the density, tending to infinity atn→0. In contrast,
it is not clear whether that is also the case at high densit
From the phase diagram we can see that the critical temp
ture grows very softly with the density above 0.5 fm23, but
we soon cross to the region where the virial approach is
applicable.

V. CONCLUSIONS

In this work we have studied the thermodynamic prop
ties of a hadronic gas at low temperature and density in

f

FIG. 8. The value of

^q̄q&/^q̄q&0 as a function of the
temperature and the density.
4-7
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absence of baryons. In such a case the hadronic matter c
understood as basically a gas of pions.

In order to describe the low-energy pion dynamics
have taken into account two main facts: First, that the sp
taneous chiral symmetry breaking makes possible the us
ChPT to describepp elastic scattering, which fits rather we
the low-energy data up to around 0.5 MeV. Using scatter
amplitudes unitarized with the inverse amplitude meth
which fit the data almost up to 1 GeV, we have inde
checked that, as far aspp scattering is concerned, the sta
dard ChPT approach is rather accurate in the region of in
est, below the chiral phase transition.

Second, it is a matter of fact that elastic unitarity is fu
filled up to around 1 GeV. This allows us to consider t
total pion number as an approximate conserved quantit
low temperatures. Hence, we can define the correspon
chemical potential and the grand canonical ensemble.

With the above considerations, we have chosen a form
ism where it is possible to derive the thermodynamic fu
tions directly from theS matrix ~phase shifts! by means of
the virial expansion. In order to find the region where t
virial expansion yields an accurate result, we have first u
the free gas case, for which there are closed express
That has also allowed us to study the Bose-Einstein cond

FIG. 9. Phase diagram of the chiral transition in the (T,n) plane.
The continuous line separates the phases with broken and unbr
chiral symmetry. The phase with Bose-Einstein condensat
where the virial expansion is not applicable, is located above
dotted line. The dashed line bounds the region where the estim
third virial term will amount to 25% of the total result, suggesting
breaking of the virial expansion.
r-
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sation, which, apart from the interest in itself, basically d
termines the region where the virial approach is not ap
cable. Indeed, for a given density, if we want to use the vir
expansion, we have to be several MeV above the Bo
Einstein phase transition.

Next, we have included the interactions and obtained
equation of stateP5P(T,n), both for the standard ChPT
and unitarized scattering amplitudes. The agreement se
to be good enough to keep simply the standard descript
Finally, using the interacting gas free energy we have a
studied the chiral condensate dependence on the temper
and the density. Our results for zero chemical potential ar
very good agreement with previous calculations using a
ferent approach. However, by considering density effects
have now been able to obtain phase diagrams and to s
the interplay of temperature, which favors the melting of t
chiral condensate, with the density, which tends to enha
the chiral symmetry breaking built in thepp low-energy
interactions. From our phase diagrams we can learn how
diluting the hadronic gas it is possible to raise the critic
temperature. At high densities, there also seems to be a
soft increase of the critical temperature, but that interpre
tion is more subtle due to the breaking of the virial expa
sion.

Of course, more detailed calculations should also cons
heavier particles, like kaons or etas within the SU(3L
3SU(3)R chiral scheme, as well as baryons. In this work w
have only made a crude estimate of their contributions
zero chemical potential, which has allowed us to comp
with previous works that do not use the virial expansion@5#,
checking our results and error estimates. These contribut
do generally lower the critical temperature, so that our act
numbers should be understood as upper bounds onTc , al-
though they keep the qualitative physical features of
phase diagrams. We would finally like to stress the pheno
enological nature of our work since the only ingredients
chiral symmetry, unitarity, the virial expansion, and the pi
phase shifts.
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